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Abstract 

The Landau problem on the flag manifold F2 = SU{3)/U{\) x U(l) is analyzed from an algebraic 
point of view. The involved magnetic background is induced by two U(l) abelian connections. In 
quantizing the theory, we show that the wavefunctions, of a non-relativistic particle living on F2, are 
the SU(3) Wigner P-functions satisfying two constraints. Using the F2 algebraic and geometrical 
structures, we derive the Landau Hamiltonian as well as its energy levels. The Lowest Landau level 
(LLL) wavefunctions coincide with the coherent states for the mixed SU(3) representations. We 
discuss the quantum Hall effect for a filling factor v = 1. where the obtained particle density is 
constant and finite for a strong magnetic field. In this limit, we also show that the system behaves like 
an incompressible fluid. We study the semi-classical properties of the system confined in LLL. These 
will be used to discuss the edge excitations and construct the corresponding Wess-Zumino-Witten 
action. 
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1 Introduction 



Two-dimensional quantum Hall effect (QHE) [1] remains among the successful phenomena in con- 
densed matter physics. In fact, this subject continues nowadays to be investigated in different mani- 
folds [2, 3, 4, 5, 6] and various contexts [7]. The first attempt towards a high dimensional generalization 
of QHE was formulated by Hu and Zhang [2] on S 4 . Their main motivation is based on the fact that 
QHE on S 4 could give a way to formulate a quantum theory of gravitation. More precisely, the 
edge excitations for the quantum Hall droplet could lead to higher spin massless fields, in particular 
the graviton. Subsequently, many interesting studies have been done on different higher dimensional 
manifolds [7]. Among them, Karabali and Nair [3] who have employed a method based on the group 
theory approach to deal with QHE and related issues on the complex projective spaces CP k as well 
as the fuzzy spaces [6]. 

The noncompact counterpart of CP k , say the Bergman ball B fe , was considered recently both 
analytically [8] and algebraically [9]. Using the group theory approach and considering a system of 
particles living on B fc in the presence of a U(l) background magnetic field, we have investigated QHE. 
This was based on the fact that B fc can be viewed as the coset space SU(k, 1)/U(k). This was used 
to get wavefunctions as the Wigner P-functions submitted to a set of suitable constraints and to map 
the corresponding Hamiltonian in terms of the SU(k, 1) right generators. This latter coincides with 
the generalized Maass Laplacian in the complex coordinates. The Landau levels on B fe are obtained 
by using the correspondence between the two manifolds CP fc and B fc . In the lowest Landau levels 
(LLL), the obtained wavefunctions were nothing but the SU(k, 1) coherent states. Restricting to LLL, 
we have derived a generalized effective Wess-Zumino-Witten action that describes the quantum Hall 
droplet of radius proportional to y/~M, with M is the number of particles in LLL. In order to obtain the 
boundary excitation action, we have defined the star product and the density of states. Also we have 
introduced the perturbation potential responsible of the degeneracy lifting in terms of the magnetic 
translations of SU(k, 1). Finally, we have discussed the nature of the edge excitations and illustrated 
this discussion by giving the disc as example. Based on the previous results related to QHE on CP k 
and B fc , it is natural to consider the Landau problem on other spaces as for instance the flag manifold 
F fc = SU{k + l)/U(l) k and discuss QHE. 

The flag manifolds [10] have appeared in physics in different contexts as target manifolds for sigma 
model or in a geometric formulation of the harmonic superspace. These special homogeneous spaces 
have interesting geometric properties, which are relevant to discuss different issues. Indeed, they are 
Kahler manifolds and therefore possess a symplectic form, which is relevant to discuss QHE. This 
suggests to consider the Landau problem on the coset space SU(k+ 1)/U{l) k and discuss its basic 
features. In the present paper, we restrict ourselves to the particular case k = 2. The case k = 1 
corresponding to two-sphere Fi = CP 1 was considered previously in many works, for instance see [3]. 

More precisely, we consider a system of particles living on the flag manifold F2. Taking advantage 
of the fact that the space F2 can be seen as the coset space SU(3)/U(1) x U(l), we analyze the 
quantum mechanics of the present system. Due to the geometrical nature of the considered manifold, 
we show that the particles are submitted to the action of two magnetic backgrounds. In quantizing the 
theory on F2, we obtain the wavefunctions as the SU (3) Wigner P-functions satisfying two constraints. 
To derive the corresponding Hamiltonian H, we consider the right SU(3) generators. By establishing 
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the relations between the right generators and the covariant derivatives, we obtain the second order 
differential form of H. Using the S77(3) representation theory, we derive the Landau energy levels 
indexed by four integer quantum numbers. Restricting to LLL, we find a ground state completely 
different from that of the same system on CP 3 or R 6 . We analyze QHE by building the generalized 
Laughlin states and evaluating the particle density. The incompressibility of these states is also 
considered. On the other hand, we analyze the semi-classical properties of the system confined in LLL. 
These will be used to discuss the edge excitations and construct the Wess-Zumino-Witten action. 

The present paper is organized as follows. In section 2, we review some mathematical tools related 
to the flag manifold F2 needed for our task. In particular we review the parametrization of F2, 
mixed unitary representations and the Perelomov coherent states of the group SU(3). In section 3, 
by quantizing the dynamics of a system of particles on F2, we express the wavefunctions as the 
Wigner V- functions satisfying two constraints. The geometrical origin of the magnetic background 
will be discussed in section 4. Also we show that the magnetic field is a superposition of two abelian 
background species. Moreover, we construct the Hamiltonian as second order differential in terms 
of the F2 local coordinates. In section 5, using the SU{3) representation theory, we give the energy 
levels and wavefunctions. We construct the Laughlin states for the fractional QHE at v = ^, with 
m odd integer. We evaluate the particle density as well as two-point correlation function. In fact, we 
show the incompressibility of Hall system for large magnetic field strength. In section 6, we analyze 
the semi-classical properties of a large collection of particles confined in LLL for rii and n-2 large. In 
particular, we derive the density distribution, the symbol associated to a product of two operators 
acting on LLL (the star product) and give the excitation potential inducing a degeneracy lifting. 
These will be used to discuss the edge excitations of a quantum Hall droplet in the Flag manifold and 
constructing their Wess-Zumino-Witten action in section 7. We conclude and give some discussions 
as well as perspectives in the last section. 



2 Flag manifold F 2 

We begin by introducing the flag manifold F2 and related matters. In fact, to discuss the quantum 
mechanics of a particle living on F2, we need to consider the parametrization of the present manifold. 
Note that, F2 is a compact Kahler manifold and homogeneous but nonsymmetric parametrized by 
three local complex coordinates u a , with a = 1,2,3. Algebraically, F2 can be realized as the coset 
space 

F 2 = SU(3)/U(1) x 17(1). (1) 

This realization is interesting in sense that it will allow us to use the group theory approach needed 
for our task. The flag manifold is equipped with the hermitian Riemannian metric 

ds 2 = g a 0du a duP. (2) 

The corresponding Kahler form is 

to = ig a pdu a du 13 . (3) 

Since that u is closed, i.e. dto = 0, the components of the magnetic field expressed in terms of the 
frame fields defined by the metric are constants. This is interesting because it will be used to discuss 
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QHE on the flag manifold. The metric elements g a p, which form a positive definite matrix, can be 
defined by 

where K = K(u, u) is the Kahler potential, such as 

K(u,u) = ln[Ai(u,u) A 2 (u,u)] , u = (ui,u 2 ,u 3 ). (5) 
The functions Ai and A2 are given by 

Ai(u, u) = 1 + \u\\ 2 + I 1 2 , A 2 {u, u) = 1 + \u 2 \ 2 + |«3 — ^i^2| 2 - (6) 
It is clear that cj is related to u) by 

u = iddK. (7) 
This suggests that, one can decompose u> into two components 

UJ = Ul + UJ 2 (8) 

where u\ and read as 

u>j = idd In Aj (u, u) , j = l,2. (9) 

With the coset space realization (1), an element of the manifold F2 can be written as lower 
triangular matrix in terms of the local coordinates. This is 

/ 1 0\ 

u= m 1 . (10) 

\u 3 u 2 1 / 

Note that, the elements of the group 577(3) are represented by 3 x 3 unitary matrices with determi- 
nants equal one. Moreover, they are generated by traceless Hermitian matrices, which are linearly 
independent generators t a , a = 1,2, ■ ■ ■ ,8. These can be mapped in terms of the Gell-Mann matrices 
A a , such as 

ta = y • (11) 



They verify the normalization conditions 



Tr(t a t b ) = -S^. (12) 



In terms of the matrices t a , the Weyl generators, which are the raising and lowering operators, can be 
realized as 

t±i = t 1 ±it 2 , t± 2 = t 4 ±it 5 , t±s = t 6 ±it 7 . (13) 
The Cartan subalgebra corresponding to SU (3) is generated by the elements 

^ = ^diag(l,-l,0), / l2 = ^diag(0,l,-l). (14) 
From (10), it is clear that F2 can be also written as another coset space. This is 

F 2 = 5L(3, C)/B+ (15) 
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where B + is the Borel subgroup of the upper triangular matrices with determinants equal to one. This 
is the so-called Iwasawa decomposition [10]. Comparing (15) with the definition (1), one can see that 
there is an isomorphism: 

SU{3)/U{1) x 17(1) SL(3, C)/B+. (16) 

The mapping S77(3)/J7(l) x U(l) — > SL(3, C)/B + is a generalization of the stereographic projection 
in the SU{2) case. 

Note that, u given by (10) is not necessarily, in general, an unitary matrix. To obtain the corre- 
sponding unitary matrix v G SU(3), we firstly consider u as element of SL(3, C). It can be expressed 
in terms of the column vectors 

u = ( Cl ,c 2 ,c 3 )eSL(3,C) = SU(3) c (17) 

given by 

ci = (1 ui u 3 )\ c 2 = (0 1 u 2 )', c 3 = (0 1)' (18) 

where t stands for matrix transposition. Secondly, by applying the Gramm-Schmidt orthogonalization 
process, we obtain, from (ci, 02,03), a set of mutually orthogonal vectors (ei, 62,63). They are 

( c 2,ei) (c 3 ,e 2 ) (C3,ei) 

ei = ci, e 2 = c 2 - 7 rei, e 3 = c 3 - 762-7 rei (19) 

(ei,ei) (e2,e 2 ) (ei,ei) 

where the inner product is defined as usually 

{d,c j ) = 4c j . (20) 

Defining the normalized vectors by 

Vi := ei/yj {oi,Oi) (21) 
we get another element in SU(3) mapped in terms of the local coordinates u a , namely 

v = (v u v2,v 3 ) € SU(3) (22) 

which verifies deti> = 1 and v^v = 1. Explicitly, v can be written as 



/ 1 U1+U2U3 U3—U1U2 \ 

/ v 7 ^ v / A7Al v 7 ^ \ 

Ml l + |«3| 2 -MlM2tt3 U2 

v/AT " VA1A2 V&2~ 

\ UZ U2+U2\ut_\ 2 ~UzU\ 1 / 

V v/AT v / A7A 2 " ' 



(23) 



This form is convenient to calculate the Maurer-Cartan one-form and then generate the magnetic 
background indispensable to discuss the Landau problem as well as QHE on the flag manifold. 

At this level, it is interesting to note that there is a one-to-one correspondence between the coset 
representative u 6 SU{3)/U{1) x U(l) and the coherent state representation. Our interest in the SU(3) 
coherent states is mainly motivated by the fact that they are exactly the LLL wavefunctions of the 
quantum system living on the manifold F2, as we will see later. The unitary irreducible representations 
(UIR) of SU(3), denoted by J = (p,q), are finite dimensional and labeled by two positive integers p 
and q. The dimension of the corresponding Hilbert space T~t( p , q ) is 

dimH M = \{p + l)(q + l)(p + q + 2). (24) 
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The orthonormal basis of Hu, :q ) writes as 

l<S'--'-t = I^S^. 3,k = 1,2,3 (25) 
where the sets of non- negative integers (pi,p 2 ,P3) and (91,92,93) satisfy two constraints 

Pi + P2 + P3 = P, 9i + 92 + 93 = 9- (26) 

It is well-known that J can be realized via a tensor O with p indices belonging to UIR (1,0) and q 
indices to UIR (0, 1), which has (p + l)(q + l)(p + q + 2)/2 complex components 0^'^.'.'.%- It is 
completely symmetric separately in the upper and lower scripts and traceless, i.e. contraction of any 
upper index with any lower one gives zero. The explicit correspondence between the tensor components 
and the basis vectors (25) can be found in [11]. In W(p, g ), the highest weight vector 

\\) = \(p,q)\) = \1>)$° (27) 

verifies the condition 

* +i |A)=0, i = 1,2,3. (28) 
Also it is a common eigenvector of the Cartan subalgebra generators of SU(3) 

hi\X) = \ P \X), ^ 2 |A) = ^|A). (29) 

As we will show next, the LLL wavefunctions of the quantum particle on F2 coincide with the SU(3) 
coherent states. For this, we shall sketch some important facts about the definition and construction 
of the coherent states. To begin, we choose the highest vector |A) as a reference state and denote by T 
a stationary subgroup. It is defined as a subgroup of SU(3) leaving |A) invariant up to a phase factor, 
namely 

h\X) = \\)e^ h \ h£T. (30) 

Note that, the isotropy subgroup T includes the Cartan subgroup £7(1) x £7(1). As any element 
g £ SU (3) can be uniquely decomposed into g = 4>h, one can have 

0|A> = *|A>e*«*>. (31) 

Thus, the coherent states can be defined by 

|&A>=#\> (32) 

and therefore they are functions of the coset space SU(3)/T. The maximal stability group T is £7(2) 
for the completely symmetric representation (p, 0) or its adjoint (0, q). In such case, SU(3)/T is the 
complex projective space CP 2 . For a generic representation of type (p 7^ 0, q 7^ 0), T = £7(1) x £7(1) 
and thus the coset space is the flag manifold F 2 , which is of interest in the present analysis. 

The coset representative element 4> can be identified with the unitary element v (23). It can be 
written also as 

l/\/Ai 





f 1 







V = 


Ul 


1 






\U3 


U2 











W3\ 


) 





1 






Vo 





1 / 



VA1/A2 j I 1 w 2 I (33) 
y/K 2 , 
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where the functions Wi, i = 1,2, 3, are given by 



wi = ^=(u± + u 2 u 3 ), w 2 = — t=f= u±u 3 - u 2 (l + \u\\ 2 ) , w 3 = —J (u 3 — u±u 2 ) . (34) 



VA 2 V A l 



A. 
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Furthermore, in the defining representation, one can verify that v takes another form. This is 

v = exp r r*-^ ex P [~ ( ln A i) h i - ( m A 2 )/i 2 ] exp (35) 

which is more appropriate in constructing the required coherent states. The parameters r~ and r t + 
read as 

1 

T\ = ui, t 2 =u 2 , r 3 = u 3 - ~UlU 2 , 

Ti = wi, t 2 + = w 2 , r 3 + = w 3 - ^wiw 2 . (36) 

From (32), we can write the coherent states as follows 

1^1,^2,1x3, A) := v(u 1 ,u 2 ,u 3 )\X). (37) 

To completely determine the required states \u\, u 2 , u 3 , A), we use the highest weight conditions (28) 
and (29). Thus, we show that 



i,u 2 ,u 3 ,X) = N(u,u)ex.p (^2 T i t ~^j 1^) 



\m,u 2 ,u 3 , A) = 7V"(«, u)exp (2^^ i_i ) |A) (38) 

where the normalization constant N(u,u) is 

N(u,u) = A~%A~%. (39) 

Note that, the explicit expression of the coherent sates (38) has been derived in [12]. This derivation 
is based on the Schwinger realization of the mixed representation (p, q) and the bosonic construction 
of the vector basis (25). 

3 Quantization of the flag manifold 

We discuss now the quantization of a particle living on the flag manifold F 2 . As it will be shown, 
the particle is submitted to the action of two abelian magnetic backgrounds U (1). The wavefunctions 
of the present system can be obtained as functions on SU(3) with specific transformation properties 
under the U(l) x U(l) subgroup. In other words, the quantum description of a "free" particle on F 2 
can be performed by reducing the free motion on the group manifold SU(3). This reduction can be 
established by imposing some suitable constraints on the SU(3) wavefunctions. 

The classical dynamics of a free particle on SU(3) is described by the Lagrangian 



L 

2 



^Tr^- 1 ^) 2 (40) 
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where dot stands for time derivative. Quantum mechanically, the Hilbert space Hfaq) is given by the 
square integrable functions on the group manifold SU(3), i.e. H = L 2 (SU(3)). The wavefunctions on 
SU (3) can be expanded as 

/(2)=E/n*,nX,rv(2) ( 41 ) 

where V^ i nr {g) are the Wigner P-functions, such as 

V J ni>nr (g) = (J,n l \g\J,n r ) (42) 

with g £ SU(3), J = (p,q) and 

n t = (pi,P2,P3, Qi,Q2, Qz)u n r = (p 1 ,p 2 ,p 3 ,q l ,q 2 ,q 3 )r (43) 

are two sets of quantum numbers specifying the right R a and left L a actions. The vectors \J,n r ) and 
| J, ni), which are nothing but the ones defined by (25), generate, respectively, the basis of SU(3)r and 
SU (3) l unitary irreducible representation J. The right R a and left L a actions are defined by 

R a g = gt a , L a g = t a g, a = l,2,---,8. (44) 

The Wigner D-functions (42) are orthogonal and form a basis of T~t( Piq y The states of a SU(3) 
representation J correspond to a tensor of the form O introduced previously. Under the action of 
(gi,9r) e SU{3) x SU{3), (42) transforms as 

K,aM — YMJ^) V U9)K nr {gr). (45) 

p,q 

This relation shows that the quantum numbers n r and n\ transform, respectively, in the representation 
J and the complex conjugate representation J. Thus, decomposes into the sum of irreducible 

representations, namely 

H ^ ®jVj Vj (46) 

where Vj and Vj are, respectively, the vector spaces in which the representation J and J are acting. 
The sum is over all inequivalent unitary irreducible representations of SU(3). The basis of H^g), 
introduced in the previous section, coincides with that associated to the space Vj. Then, we can set 
the following identification: 

V%$M^\(j>,q)ni)®\(p,q)n r ). (47) 

The quantum dynamics on F2 can be described by reducing the free motion, or imposing constraints, 
on the group manifold SU(3). In this sense, following the standard procedure of quantization on the 
coset spaces, the classical motion on the flag manifold is described by the Lagrangian [14] 



L F2 = ^Tr (V^If,) 2 - Tr [/ (g^g) \ T ] (48) 



2 

where the symbols \t and |p 2 stand for the projection to the isotropy subgroup T = U(l) x U(l) and 
F2 in G = SU(3), respectively. The first term in the above Lagrangian is invariant under g — ► gh for 
an element h € U(l) x U(l) and thus depends only on SU(3)/U(1) x U(l) coordinates. The effect 
of reducing the motion from SU (3) to the coset space F2 are contained in the second term of the 
Lagrangian and given in terms of I. This latter can be written as linear combination of the Cartan 
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generators hi and h 2 . It follows that to get a quantized theory on the flag space F 2 , we should quantize 
the following action [14] 

S = i J dt Tr (ig- 1 ^ (49) 
where I is a combination of the Cartan generators, such as 

I = n\h\ + rt 2 h 2 . (50) 

For the U(l) x U(l) transformations of the form g ^ gh with 

h = exp(iipihi + iip 2 h 2 ) (51) 

the action S changes by a boundary term QmA</?i + ^^A^)- Thus, the equations of motion 
are not affected by this gauge transformation and the classical theory is defined on the coset space 
SU(3)/U(1) x U(l) = F 2 . The canonical momenta associated to the direction parametrized by the 
angles ip\ and tp 2 , respectively, are given by \n\ and \n 2 . In this case, the physical states, denoted 
by ip(g), in the quantum theory should satisfy two constraints. These are 

R^{g)=^{gh 1 ) = l -n 1 ^{g), ^(V3R 8 -R 3 )^(g) = ^gh 2 ) = ^n 2 ^(g). (52) 

There is another easy way to see the latter conditions. Indeed, under the transformation g — > gh, the 
variation of the action is given by 

AS = (niA^i + n 2 A^ 2 ) (53) 



and the state if>(g) transforms as 



i/)( g h) = ip{g) exp 



1 1 



(54) 



Using the conditions (52), one can show that the right generators satisfy the commutation relations 
[R-i, R+i] = ~ n i, [R-2, R+2] = -ni - n 2 , {R_ 3 , R +3 ] = -n 2 (55) 

when they act on the states ip{g). The right generators, or covariant derivatives, play the role of the 
creation and annihilation operators for the harmonic oscillators. Thus, the groundstate should be 
annihilated by R+i, namely 

R+Mg) = 0. (56) 

This is the so-called polarization condition in the geometric quantization and implies that the ground- 
state satisfying (56) is holomorphic. Physically, it describes the LLL condition. 

The wavefunctions of a quantum theory on the Flag manifold F 2 are the Wigner P-functions 
verifying (52). As we will see later, the polarization condition (56) will lead to the LLL analysis of 
the present system. Note that, the constraints (52) and (56) are exactly the defining relations for a 
highest weight state (28-29). Thus, the groundstate wavefunctions coincide with the SU(3) coherent 
states for the mixed representations. 
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4 Induced magnetic background 



It is well-known that the magnetic field is an important ingredient one should define in order to 
formulate QHE in any space. Thus, it is natural to ask about this physical quantity in the present 
analysis. More precisely, how to generate a magnetic background on the flag manifold F2. This issue 
will be treated by considering the geometric features of F2. 

The SU(3) parametrization, introduced in the first section, will provide us with the Maurer-Cartan 
one-form and the U(l) connections for SU(3)/U(1) x U{1). To perform this, we identify g £ SU(3) 
with the element v 6 SU(3)/T given by (23). It follows that a basis of invariant one-forms is given by 



g 1 dg = -ie a t +a - ie a t- a - i6 j hj, a = 1,2, .7 = 1,2. 
The elements e a = e^dup, with summation over repeated indices, are 

{[1 + u 3 (u 3 - uiu 2 )\ dui + [u 2 - ui(u 3 - uiu 2 )] du 3 } , 



(57) 



e = — - 



v / A7A"; 



e 3 = 



The {/(^-connections 9 3 are defined by 



(u 2 dui - du 3 ) , 

{-u 2 (ui + U2U 3 )dui - Aidu2 + {ui + ^2^3)^3} . 



9 3 = idu c 



d 

du a 



In A,- + c.c, j = 1, 2. 



They can be also written as 



9 j = ie j a du a + c.c, e J a = 



^— lnA i 



(58) 



(59) 



(60) 



reflecting that 9 3 are related to the Kahler potential (5). Actually, we have two abelian connections 
9 l and 9 2 . They correspond to the vector potentials generating the magnetic background field, under 
which the quantum particle is constrained to move in the six-dimensional manifold F2. To make 
contact with previous works on QHE in higher dimensions, the present situation should be compared 
with the CP 3 analysis [3] where the particle is submitted only to one U(l) magnetic field. Note that, 
the symplectic two-form (7) can be derived from the Maurer-Cartan one-form. Indeed, we have 



-Tr 



2{h 1 +h 2 )g l dg A g 1 dg 



This implies 



uj = e 1 A e 1 + 2e 2 A e 2 + e 3 A e 3 



(61) 
(62) 



which agrees with the uj form given by (7). 

Let us denote the elements of the inverse of the 3x3 matrix e = (e 1 , e 2 , e 3 ) as (e -1 )^. They are 

I * 

-1 



/A2 




Sj("2 - Ul(u3 ~ UiU 2 )) \ 



^{Ul + U2U3) 



U 2 



i^a + u^-u^)) J 



(63) 



10 



To derive the Hamiltonian describing the system under consideration, we should define the U (1) x J7(l) 
gauge covariant differentials on F2. In this order, from the Maurer-Cartan one- form, we have 

-1 dg 



dup 



-iept +a - iOphj. 



(64) 



Using this relation, one can show that the right generators, R+ a g = gt +a , defined by 

R ±1 = R 1 ±iR 2 , R± 2 = R 4 ±iR 5 , R± 3 = Re±iR 7 (65) 

can be written as 



R 



z(e" 1 ) 



1V3 



h ni e} + n 2 e}) 



dup 2 

where we have used the constraints (52). They can be mapped in terms of the gauge field as 





R +a = i(e- r f a 



du 



with a /3 given by 



(66) 

(67) 
(68) 
(69) 



«/3 = -^(n 1 el + n 2 el). 

Similarly, one can show that the following relation holds 

R—a = R+a- 

The gauge potential can be written as 

a = apdu 13 + apdvP = -^(nrf 1 + n 2 6> 2 ). (70) 

Therefore the corresponding electromagnetic field is 

F = da = - 1 - (mdO 1 + n 2 d6 2 ^ (71) 

where n\ and n 2 are integers in agreement with the Dirac quantization. It is obvious that F is also 
as a superposition of two abelian parts F\ and F 2 . 

At this stage, we have the necessary ingredients to write down the required Hamiltonian. It can 
be mapped, in terms of the SU(3) right generators, as [13] 

3 



1 



H — X! (R+uR-a + R-aR+a) ■ 



By introducing D a and 

D 9 9 



du a du c 
the operator H takes the form 



n\ ri2 

In I A," 3 " AT" 



Df 



f) r) / "i "2 
— In A : 2 A 2 2 



du a du a 



H = ~^ H^W'Tp + D-,D a ) . 



(72) 



(73) 



(74) 



The forms (72) and (74) show that there is a bridge between the algebraic analysis and the spectral 
theory. The Hamiltonian is written in terms of the local coordinates and thus one may analytically 
determine the spectrum of a particle living on the flag manifold F 2 . But next, we use the SU(3) 
representation theory to get the corresponding spectrum. 
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5 Spectrum and lowest Landau levels 



At this point, it is clear that to derive the spectrum of the present system, the £7(1) gauge fields, or 
"monopoles" labeled by two integers n\ and n 2 , will play a crucial role. Note that, n\ and n 2 are 
related to the third component of isospin and the hypercharge of a SU (3) irreducible representation. 
To analyze the Landau problem on F2, we adopt an approach similar to that developed in [3] by 
studying the Landau spectrum for a quantum particle living on the complex projective spaces CP k . 
As we have noticed above, the SU(3) mixed representation (p, q) can be realized via the irreducible 
tensor O v q = O 3 ^"^ , (j, k = 1, 2, 3). It transforms under A G SU(3) according to the rule 

In the presence of two abelian magnetic fields, it is convenient to label the irreducible representation 
SU(3)r by (p, q) satisfying the relations (26) and corresponding to the irreducible tensor O^'^* 3 . 
The wavefunctions rewrite as 

m =^tn r P2+P3,qi+q2+q3) (9) = {(p,q)M9\(p,q),n r ). (76) 

Combining the rule transformations (75) where 

A = exp(+i<p 1 h 1 + iip 2 h 2 ) = diag(e + ^i , e ~\^-<pi) ^ e -*<M) (77) 

and using the constraints (52), we obtain two conditions on the integer right quantum numbers 
(Pi,P2,P3, 91,92,93)- These are 

ni = (pi - qi) - (P2 ~ ?2), n 2 = (p 2 ~ 72 ) - (P3 ~ 73)- (78) 

The states verifying (52) are now labeled by four integers. The corresponding energy levels can be 
derived from of the Hamiltonian (72) as 

1 



E 

2m 



C 2 (p,q)-Ri-Ri (79) 



where the quadratic Casimir C 2 (p,q) of the (p, q) representation is given by 

C 2 (p, q) = \ [p(p + 3) + q(q + 3) + pq] . (80) 
Using (52) together with the constraints (78), one can write E as 

E(qi,q 2 ,p 2 ,Ps) = J— \3C 2 (m + 2p 2 + p 3 + q l - q 2 ,n 2 + qi + 2q 2 + p 3 - p 2 ) - (n\ + riin 2 + n\) 

(81) 

This show that actually the Landau levels are specified by four quantum numbers. In particular, the 
lowest energy eigenstates, for n\ and n 2 fixed, correspond to q\ = q 2 = p 2 = Pz = 0. This is 

E = ^-(n 1 +n 2 ) (82) 
2m 

with the degeneracy 

do = ^(ni + l)(n 2 + l)(m + n 2 + 2) (83) 
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This is exactly the dimension of the (p = n\, q = n 2 ) representation or more precisely 



Pi = n 1 , P2=P3 = 0, qi = q 2 = 0, q 3 = n 2 . 



(84) 



The last constraints arise from the polarization (or lowest Landau) condition (56). Therefore, from 
(42), the wavefunctions describing a free charged particle living on F 2 in LLL are given by 



4>LLL = {(ni,n 2 )(s 1 , s 2 , s 3 )(t 1 ,t 2 ,t 3 )\g\X) 



(85) 



where Sj,rj (j = 1, 2, 3) stand for the left quantum numbers of the states, which encode the degeneracy 
of LLL and satisfy the relation 



si + s 2 + s 3 = ni, t\ + t 2 + t 3 = n 2 . 



(86) 



In (85), | A) is the highest weight vector for the (ni, n 2 ) unitary irreducible representation. As far as the 
flag manifold is concerned, one can identify the group element g with v given by (32). Consequently, 
the action of g on the state |A) gives the SU(3) coherent states discussed in section 2. Thus, the LLL 
wavefunctions coincide with the SU(3) coherent states associated to the mixed (ni,n 2 ) representation. 
They are given by [12] 



^lll(ui,u 2 ,u 3 ) 



n\\n 2 \ 



a, 2 a: 



2 u ai„.8a 



(87) 



_si!s 2 !s 3 !ii!t 2 !i3!_ 

It is interesting to note that the LLL wavefunctions are in correspondence with the zero modes of the 
Dirac operators on the flag manifold [13]. We recall that the LLL wavefunctions for complex projective 
space CP fc [3, 5, 6] and Bergman ball B fc [9] are, respectively, given by the coherent states of the groups 
SU (k + 1) and SU (k, 1) in the symmetric representations. Usually, the Perelomov coherent states for 
SU (3) mixed representation are 

\ui,u 2 ,u 3 ) = ^^LLL(ui,u 2 ,u 3 )\(n 1 ,n 2 )(si,S2,s 3 )(t 1 ,t 2 ,t 3 )) (88) 

where the sum runs over the quantum numbers labeling the LLL wavefunctions. They constitute an 
over-complete basis 

d/J. \ui,u 2 ,u 3 )(ui,u 2 ,u 3 \ = I (89) 



where I is the identity operator and the measure 



^- ( "' +1)( "^' + "- +1) n^ 



7r 3 AfA2 



Uj 



(90) 



is simply obtained from the SU(3) Haar measure by integrating over the angles <p\ and (p 2 , see 
(51), associated to the isotropy group £7(1) x U(l). The coherent states are not orthogonal and the 
overlapping given by 



{u' 1 ,U2,u' 3 \ui,u 2 ,u 3 ) 



1 + u[ui + u' 3 u 3 



m r 



1 + u' 2 u 2 + (u 3 - n / 1 n 2 )(ti 3 - u\u 2 ) 



^A^ 



(91) 



will be useful to deal with the incompressibility of a collection of N particles living on F 2 . 
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The iV-body wavefunctions can be obtained as the Slater determinant 

V$ =e il - i »* il * ia ---* iN (92) 

where each Vl/^ has the form given by (87) and e ll '" lJV is the fully antisymmetric tensor. This is the 
first Laughlin state corresponding to the filling factor v = 1. Other similar Laughlin states can be 
obtained as 

*^) = {e < i-^* il * ia ---* ijv } m (93) 

where m is an odd integer value. 
The definition of the filling factor 

N , \ 

where is the quantized flux and also represents the degrees of the Landau level degeneracy, tells us 
that the particle density is relevant in QHE and it should be kept constant by varying the magnetic 
field. In the first Laughlin state, i.e. v = 1, the density is given by 

(m + l)(n 2 + l)(ni + n 2 + 2) 
P0 = 64^R6 ( 95 ) 

where we have introduced the radius R of F 2 , such as 

Ru a = x a + ix a+3 (96) 
and considered the volume of the flag space as [13] 

vol (F 2 ) = 32^ 3 i? 6 . (97) 

The thermodynamic limit corresponds to the situation in which the radius R and the number of 
available LLL states are large (R — ► oo, n±, n 2 ~ n — ► oo). To determine the particle density in this 
limit, one may use the Dirac quantization for the flag manifold 

Fi = CP 1 = ~JjJ^j~ (98) 
where the total magnetic field B is submitted to the constraint 

n = 2BR 2 . (99) 
Prom the above tools, the density can be approximated as 

A)~(!) 3 (100) 

which is constant and has a finite value. This is exactly the particle density on the flat geometry R 6 
and therefore corresponds to the fully occupied state u = 1. It is also interesting to note that the 
obtained density coincides with that derived in the CP 3 space [5] as excepted since, in the limit of 
large radius, the geometry of both spaces is flat. 

In QHE, the quantized plateaus come from the realization of an incompressible liquid. This 
property is important since it is related to the energy. It means that by applying an infinitesimal 
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pressure to an incompressible system the volume remains unchanged [15]. This condition can be 
checked for our system by calculating the two-point correlation function. This can be derived by 
integrating the density over all particles except two. As result, we obtain 

1(12) ~ 1 - \(uii,U 2 l,U 3 i\ui2,U22,U32)\ 2 (101) 

in terms of the kernel of two states localized at the positions (u\ s , U2 S , u 3s ), with s = 1,2. Using (86) 
together with (87), it is easy to see that, in the limit ni,n 2 — ► oo, the correlation function 1(12) goes 
like 

1(12) ~ 1-exp (-n 1 (\uu-Ui2\ 2 + \u3i-U32\ 2 )-n2(\u21-U22\ 2 + \u 3 l-U U U21-U32 + Ul2U22\ 2 ))- (102) 

This result shows that for a large magnetic field (ni,ri2 ~ n = 2BR 2 ), the F2 quantum Hall system 
v = 1 is incompressible and the probability to find two particles at the same position vanishes, as it 
is usual in the flat geometry. 

6 Semi-classical analysis on the lowest Landau levels 

Recall that LLL of particles living on F2 are described by the SU(3) coherent states (88). This 
provides us with a simple way to establish a correspondence between operators and classical functions 
on the phase space of the present system for large magnetic fields. In this section, we investigate 
the semi-classical properties of a large collection of particles confined in LLL for ri\ and n 2 large. In 
particular, we derive the density distribution, the symbol associated to a product of two operators 
acting on LLL (the star product) and give the excitation potential inducing a degeneracy lifting. This 
will be useful in driving the edge excitations of a quantum Hall droplet in the Flag manifold. 

6.1 Density matrix and Hall droplet 

To investigate the classical behavior of a collection of particles in LLL, we first derive the mean value 
of the density matrix corresponding to an abelian droplet configuration for large magnetic fields. Since 
the coherent states (87) (LLL eigenfunctions) are labeled by four quantum occupation numbers, one 
may fill the LLL states with a large number of particles M = N1 + N2 + M\ + M2 such that the density 
operator is 

Ni N 2 Mi M 2 

Po=^2 \si,S2,t 1 ,t 2 )(Sl,S 2 ,ti,t2\ (103) 

si=0 s 2 =0*i=0 t 2 =0 

where the states read as 

\si,s 2 ,ti,t 2 ) = \(ni,n 2 )(si,n 1 - (si + s 2 ),s 2 ), (h,t 2 ,n 2 - (h + t 2 ))}. (104) 

The mean value of the density matrix is defined by 

Po(u,u) = (u\po\u) (105) 

with u stands for the variables (u±, U2, u 3 ) labeling the SU(3) coherent states. po(u,u) is the symbol 
associated with the density operator. As we are concerned with the situation when n\ and n 2 are 
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large, we analyze the spacial shape of po(u,u). Thus, using (87-88), one obtains 

«,(«,-) -a, a 2 EEEE,,,,,,,,,,,.,,,,,,,,, („ 2 - ((l+(2 ))! ' (106) 

For n\ and 77-2 large, we get 

A^ ni A 2 n2 = exp(-n 1 (|n 1 | 2 + |u 3 | 2 )) exp(-n 2 (|u 3 - Ul u 2 \ 2 + \u 2 \ 2 )). (107) 

Furthermore, one can verify the relation 

f f ni ! \ Ul \^\u^ ^ (^(KP + lnal 2 ))- rinfi . 
s ^o^o^ ! (m-( S i + S2 ))! ^ -! 1 j 

as well as 

n 2 ! |n 3 -^n 2 |^|^| 2fe _ M ^ 2 Mjug ~ ^n 2 | 2 + |n 2 | 2 )) f 
^ ^ ti!t 2 ! (n 2 -(t 1+ t 2 ))! ^ t! ' 

It follows that the term involving the sum in the expression of po behaves like 

j2 ( n i(M 2 + M 2 ) + n 2 (|u 3 ~ U!U 2 \ 2 + |^-2| 2 )) s 

Combining (107) and (110), the density can be approximated by 

Po(u,u) ~ G(M - (ni(|ni| 2 + |u 3 | 2 ) + n 2 (|u 3 - um 2 | 2 + |u 2 | 2 ))) (111) 

for a large number M of particles. Clearly, po(u, u) is a step function for m, n 2 — ► 00 and M — ► 00 
(nf' nf fi xe( i)- Note that, a large magnetic field corresponds to a large radius R, see (96) and (99), 
one can identify « 3 — u\u 2 with u 3 . Then, introducing the rescaled variables 



/ni /n 2 ni+n 2 . . 

zi = \ — «i, ^2 = \/ — «2, z 3 = V ^ 3 (112) 

V n V n V n 

the density function takes the simple form 

po(z,z) ~ e(M-nz-ir) (113) 

where dot stands for the usual scalar product and n is related to the total magnetic field defined by 
(96). Clearly, (113) corresponds to a droplet configuration with boundary defined by nz ■ z = M and 
its radius is proportional to \f~M . The derivative of this density tends to a (5-function. This property 
play a crucial role in deriving the edge excitations, see next. 

6.2 Star product and Moyal bracket 

An important tool to write the action describing the edge excitations of a quantum Hall droplet in 
F 2 is the star product . In fact for n\ and n 2 large the mean value of the product of two operators 
leads to the Moyal star product. To show this, to every operator A acting on LLL, we associate the 
function 

A(u,u) = (u\A\u) = (ui,U2,us\A\ui,U2,u 3 ). (114) 
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An associative star product of two functions A(u, u) and B(u, u) is defined by 

A(u,u)*B(u,u) = (u\AB\u) = J dfi(u' ,u')(u\A\u')(u'\B\u) (115) 

where the measure dfj,(u,u) is given by (90). To calculate (115), we exploit the analytical properties 
of coherent states defined above. Indeed, using (87-88), one can see that the function 

= (116) 

\u'\u) 

satisfies the holomorphic and anti-holomorphic conditions: 
d d 

O=-A(u',u) = 0, -^jA{u,u) = 0, i = l,2,3, u^u. (117) 
Consequently, the action of the translation operator on A(u',u) gives 

exp (u'.^j A(u, u) = A(u',u + u). (118) 
This gives A(u, u') in terms of the function A(u,u), namely 

exp ^—u • t^~7^ ex P ' A(u, u) = exp ^(u' — u) • -^-^A(u, u) = A(u, u'). (H9) 
Similarly, one obtains 

exp (-u ■ -^j exp (v! ■ A(u, u) = A(u',u). (120) 
Equivalently, (119-120) can also be cast in the following forms 

exp ^{u — u) ■ -j^j A(u, u) = A(u, u), exp ^{u — u) ■ A(u, u) = A(u',u). (121) 

Combining all we write the star product as 

A(u,u)*B(u,u) = J dn(u',u')exp (^(u' - u) ■ A(u, u)\(u\u')\ 2 exp ^(u' - u) ■ B(u,u) (122) 

where the overlapping of coherent states is given by (91). For large magnetic field, it can be expressed 
as 

{u\u) = exp (nz ■ z') exp ^— — z ■ z^j exp ^— —z ■ z'^j . (123) 

Clearly, the modulus of the kernel (91) possesses the properties |(ti|tt')| = 1 if and only if u = u' , 
|(it|u')| < 1 and — > for n\ and n<i large. This provides us with a simple way to calculate the 
star product between two functions. Indeed, one can see from (123) that the quantity |(u|u')| gives 
contribution only in the domain near to point u' ~ u. It follows that the sum (122) can be evaluated 
by decomposing the integral near this point and integrating over rj = u' — u. Thus, we get 

f drj.dfj ( d \ _ ( _ d \ 

A(u,u) * B(u,u) = / ^ 3 exp ( 7] • — j A(u, u) exp (—s(rj, fj)) exp ( fj • — J B(u, u). (124) 

where 

s{r],fj) =n 1 (|r ?1 | 2 + |r/ 3 | 2 ) + n 2 (|r/ 3 | 2 + |r/ 2 | 2 ). (125) 
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Finally, by a direct calculation, one verifies that the star product between two functions is 

k . , „, , t „ / 1 dA dB 1 dA dB 1 dA dB \ . , 

A(u,u)*B(u,u)=AB-(— 1 — 1 — + — 1 — 7 —+ j— j— )+0 — . 126 

Then, the symbol or function associated with the commutator of two operators A and B 

(u\[A,B]\u) = {A(u,u),B(u,u)}+ (127) 

is given in terms of the Moyal bracket 

{A(u, u),B(u, -u)}* = A(u, u) * B(u, u) — B(u, u) * A(u, u). (128) 

This will be helpful in building the WZW action describing the edge excitations. 

6.3 Excitation potential 

Note that LLL is degenerate and the degeneracy is given by (82). To generate excitations, we consider 
the Hamiltonian 

H = E + V (129) 
where Eq is the LLL energy (82) and V is the excitation potential defined by 

V\si, s 2 ,h,t 2 ) = u(si + s 2 + h + i 2 )|si, s 2 ,h,t 2 ). (130) 

The perturbation V induces a lifting of the LLL degeneracy. Using (88), one can show that the symbol 
V(u, u) associated to V is 

(u\V\u) = V{u,u) =w(n 1 (|n 1 | 2 + |n 3 | 2 ) + n 2 (|u3-u 1 n 2 | 2 + |n 2 | 2 )). (131) 

It can also be written as 

V = nuz ■ z (132) 
which is just the classical harmonic oscillator potential. 

7 Edge excitations and WZW action 

The quantum droplet under consideration is specified by the density matrix p$. The excitations of 
this configuration can be described by an unitary time evolution operator U which gives information 
concerning the dynamics of the excitations around po. The excited states will be characterized by a 
density operator: 

p = Uporf. (133) 

In this section, we derive the effective action for excitations living on the edge of this quantum droplet. 
The derivation is based on semi-classical analysis presented in the previous section. As mentioned 
above, the dynamical information, related to degrees of freedom of the edge states, is contained in the 
unitary operator U. The corresponding action is [17] 

S = jdtTr (p Q U\id t - H )U) . (134) 
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It is compatible with the Liouville evolution equation for the density matrix 

i^ = [H ,p). (135) 

To write down an effective action describing the edge excitations, we evaluate the quantities occurring 
in (134) as classical functions on the basis of the semi-classical analysis performed above. Note that, 
the strategy adopted here is similar to those developed in references [4, 5, 9]. Indeed, we start by 
calculating the term i J dt Tr (poU^dtU) with U = e +l<1> and 3>t = <J>. A direct calculation gives 

00 (i\ k k ~ 1 

dU = Y / ^TfY, $ p d$$ k - 1 - p . (136) 

fc=l p=0 

It leads 

UUU = i [ da e~ ia *d<!>e +ia *. (137) 
J o 

Thus, we have 

e -i*^ e+i * = • f dae -i^ dt ^ e +i^_ (13 8 ) 

Jo 

Using Baker-Campbell-Hausdorff formula, one can show 

r f 00 — (i) k 
i \ dt Tr(p U^d t U) = / dt £ TTTTTT Tr ^' ' ' ' ^ ' ' "] W ( 139 ) 
J J k=0 ( k + 1 ) ] ' • ' 

k 

Due to the coherent states completeness, the trace of any operator A is 

Tr^ = J dp(u,u) (u\A\u). (140) 



It follows that 



i J dt Tr(p tfd t U) = J dpdt ]T — ^- • • • {$ , poK • • •}* * fy* (141) 



where the star product and the Moyal bracket are those defined before. It is important to stress that 
po and <3? are now classical functions. It is easy to obtain 

i J dt Tr{p tfd t U) dpdt {$,po}*$$ (142) 

here we have dropped terms containing the total time derivative as well as those of higher orders. We 
show that the Moyal bracket reads as 

where the first order differential operator is given by 

£ ='( z 4-'4)- < i44) 

in terms of the rescaled variables Z{. Since the derivative of the density (113) is a 5- function with 
support on the boundary dV of the droplet V defined by nz ■ z = M, we get 

i f dt Ti(p U^d t U) « -- / dfidt 5{M - nz ■ z){jC<f>)(d t <f>) = -- [ dt (145) 

J 2 J 2 JdT>xR+ 
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Now we come to the valuation of the second term in the action (134). By a straightforward 
calculation, we obtain 

TrfatfVU) ~ Tr( Po V) + iTr([p ,V}<!>) + ^Tr([p ,^][V,^]). (146) 

The first term in r.h.s of (146) (^-independent) does not contain any information about the edge 
excitations of the Hall droplet. Thus, it can be ignored. The second term in r.h.s of (146) rewrites as 

iTr([p , V}$) « i J dp {p , V}*$ (147) 

in terms of the Moyal bracket. It is easy to see that the star product in (147) is zero and we have 

iTr([p ,V}<!>) —>0. (148) 

The last term in r.h.s of (146) gives 

Using (113) and (132), we find 

J dt Tv(p U^HU) = | J dudt 5{M - nz ■ z){C§) 2 . (150) 

Note that we have eliminated the term containing the groundstate energy Eq which does not contribute 
to the edge dynamics. Finally, combining all together to get 

Sfa~ f dpdt 5{M - nz ■ z){C<&) (($$) + w(£&)) . (151) 

2 J&DxR+ 

This action involves only the time derivative of <E> and the tangential derivatives C<&. It generalizes the 
chiral abelian WZW theory describing a bosonized theory of a system of a large number of fermions 
in two-dimensions [17]. It is interesting that the obtained WZW action is similar to one describing 
the edge excitations for Hall droplets in the six-dimensional complex projective CP 3 [4] and in the 
Bergman Ball B 3 [9]. 

8 Conclusion and discussions 

We have analyzed, through this paper, some aspects of the quantum Hall effect at the filling factor 
v = 1 on the flag manifold F2. More precisely, we have algebraically investigated the eigenvalue 
problem of a collection of N non- interacting particles living on F2. We have shown, in quantizing 
the theory, that the wavefunctions write as the Wigner V- functions. They satisfy two constraints 
which are in correspondence with the U(l) abelian gauge fields. Obtaining the energy levels is an easy 
task thanks to the SU (3) representation theory. Also, we have derived the analytical expression of 
the Landau Hamiltonian describing the dynamics of a non-relativistic particle living on F2. We have 
clearly established that the lowest Landau level wavefunctions coincide with SU (3) coherent states 
expressed in terms of the F2 coordinates. We have constructed the Laughlin states describing the 
fractional quantum Hall effect at v = with m odd integer. For the state v = 1, we have shown for 
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large magnetic field that the particle density is finite as well as constant and the system behaves like 
an incompressible fluid. 

On the other hand, we have analyzed the semi-classical properties of a large collection of particles 
confined in LLL for m and n 2 large. In particular, we have derived the density distribution, the symbol 
associated to a product of two operators acting on LLL (the star product) and given the excitation 
potential inducing a degeneracy lifting. This is used to discuss the edge excitations of a quantum Hall 
droplet in the Flag manifold and constructing their Wess-Zumino-Witten action. 

It is obvious, from previous analysis, that one can obtain the Landau spectrum of a system living 
on CP 2 . This can be performed by reducing the mixed representation (p, q) to the completely sym- 
metric one (p, 0) or its adjoint (0,q). In this way, one recovers the results of Karabali and Nair [3]. 
Furthermore, because they are six dimensional, one can compare F 2 and CP 3 analysis [3]. In the CP 3 
case, QHE can be approached following two different ways. The first one corresponds to the situation 
in which only one U (1) abelian gauge is involved. In the second situation, the particle evolves in the 
SU(2) magnetic background. Another interesting comparison concerns the particle density for large 
magnetic field. It is remarkable that, in the both spaces F 2 and CP 3 , we find the same value which 
coincides with one obtained for particles living on R 6 . 

To close this discussion, as examples of quantum systems submitted to two magnetic fields, we quote 
the composite fermions and multi-layers or a set of electrons and holes together. Composite fermions 
are a new kind of particles which appear in condensed matter physics to provide an explanation of the 
behavior of electrons moving in a strong magnetic field B [16]. Electrons possessing 2Z3>o> I = 1) 2, • • -, 
flux quanta (vortices) can be thought of being composite fermions. One of the most important features 
of them is that they feel effectively the magnetic field 

B* = B - 2l$ p (152) 

where p is the electron density. This magnetic field can be seen as a superposition of two abelian 
parts. 

Of course, the prolongations of the present work are numerous and some interesting questions 
still open. The first point concerns the analytical derivation of Landau spectrum (energies and wave- 
functions) by solving the Schrodinger equation for the Hamiltonian (74). The second question is 
related to a possible generalization of the present study to other higher dimensional flag manifolds, 
i.e. k > 3. Finally, one may ask about the topological excitations on the flag manifold generalizing 
those constructed by Haldane [18] on two-sphere S 2 . 
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